Distribution of fracture toughness value of amorphous SiC fiber (Tyranno ZMI, Ube Industries, Ltd.) and statistical feature of distribution of fracture strength at various notch sizes were studied analytically. The fracture toughness values, estimated for the fiber specimens with mode I type straight-fronted edge notch introduced with focused-ion-beam, were almost independent of the fiber diameter and notch depth. The distribution of the fracture toughness was described by the three-parameter Weibull distribution function. The distributions of fiber diameter and original fracture strength were described by a normal distribution function and fiber diameter-incorporated three-parameter Weibull distribution function, respectively. These distribution functions and a Monte Carlo method were used to simulate the change in fracture strength distribution with notch depth. With this simulation, the experimental results were well described. Also the statistical features in notch size-dependence of distribution of fracture strength, arising from the decrease in fraction of intrinsic-defect fractured fiber specimens to all specimens and hence the increase in the fraction of notch-fractured specimens with increasing notch size, were elucidated.
Introduction
When fibers are coated with ceramic materials or when they are embedded in ceramic matrix, and when chemical reaction takes place at fiber-matrix interface in ceramicand metal-matrix composites, the premature fracture of the coating layer, matrix and reaction layer result in crack formation. The formed crack extends into fiber, causing serious reduction in fiber strength, when the interface is strong. 1, 2) For quantitative description of such a crack extension behavior and the resultant fracture strength of fiber, it is required to estimate the fracture toughness of fiber.
SiC (diameter around 7.514 µm 38) ), C (carbon) (5.1 11 µm 9, 10) ) and Al 2 O 3 (817 µm 3, 4, 11) ) fibers are widely used as reinforcements for composite materials. In estimation of fracture toughness of these small diameter fibers, the difficulties arise from the small physical dimensions, due to which proper method to introduce small notches is limited. To overcome the difficulties, a procedure to introduce a sharp artificial notch into small diameter fiber by a micromachining method using a focused-ion-beam (FIB) has been developed recently by the authors 1215) and Ogihara et al. 16, 17) With this method, a sharp mode I type straight-fronted edge notch with notch-tip radius around 25 nm could be introduced in polycrystalline 12) and amorphous 13) SiC fibers, two types of the Al 2 O 3 fibers with different microstructure to each other, 14) and pitch-based 15) and PAN-based 16, 17) carbon fibers, and the fracture toughness of these fibers could be estimated successfully.
1217)
The present work was carried out to reveal the statistical features of fracture toughness and change in fracture strength distribution with notch size in amorphous SiC fiber. The results of experiment and statistical analysis for distributions of fiber diameter, fracture strength of unnotched fiber and fracture toughness are shown in Subsections 3.1, 3.2 and 3.3, respectively. Then, the experimentally obtained fracture strengthnotch depth diagram in which fracture strength is distributed at each notch depth is presented in Subsection 3.4. For description of the diagram, a Monte Carlo simulation using the results of statistical analysis obtained in Subsections 3.1, 3.2 and 3.3 is proposed in Subsection 3.5. The simulation result in comparison with the experimental results and statistical features in notch size-dependence of fracture strength distribution are shown in Subsection 3.6.
Experimental Data for Analysis
In our preceding work, 13) the fracture toughness of an amorphous SiC fiber (Tyranno-ZMI μ , Ube Industries, Ltd.) 68) was studied. In that work, with the FIB apparatus (JFIB-2300, JEOL Co.), a mode I type straight-fronted edge notch was introduced in the fiber by the focused Ga + -ion beam with a 55 nm spot size, at an acceleration voltage of 30 kV and probe current of 80 pA. The fiber diameter D and notch depth a of each test specimen were measured with a Scanning Ion Microscope (SIM) attached to the FIB apparatus. Then, tensile test of the notched fiber specimen with a gage length L = 10 mm was carried out at a crosshead speed of 8.3 © 10 ¹6 m·s ¹1 at room temperature with a universal tensile testing machine (MMT-10N-2, Shimadzu Co.) to obtain notched strength (· FN ). The fracture toughness K Ic is given by 18, 19) where Y(a/D) is the correction factor. Figure 1(a) shows the fracture surface of the amorphous SiC fiber fractured by the introduced straight-fronted edge notch, and (b) schematic representation of the cross-section of the fractured fiber. The configuration of mirror, mist and hackle zones in Fig. 1(a) demonstrates that the fiber fracture was caused at A in Fig. 1(b) by the introduced notch and the stress singularity along AAA plays a deterministic role in fracture. In our former work, 12) the stress singularity along AAA for SiC fiber was calculated for various a/D values by a finite element analysis, from which Y(a/D) was expressed by (1), we had the fracture toughness K Ic for each fiber specimen. The values of K Ic estimated by this method, together with the values of a, D and · FN obtained in the process for estimation of K Ic values, were taken from our preceding work. 13) For statistical analysis, the distribution of original (unnotched) fracture strength (· F0 ) values are needed as shown later. In the present work, the fiber diameter D was measured for each unnotched fiber specimen with a digital microscope (VH-7000, Keyence Co.). The · F0 values were obtained by tensile test, which was carried out in the same manner as that for notched fiber specimens. Figure 2 shows (a) cumulative probability F(D) and (b) probability density f(D) of the fiber diameter D, in which the measured values for both unnotched and notched specimens are included together. The measured diameter values were in the range of around 914 µm with an average D ave = 11.7 µm and standard deviation ¦D = 0.8 µm. For description of the distribution of the fiber diameter, the Gaussian distribution function expressed by diameter D (· F0 -D diagram). The · F0 tends to decrease slightly with increasing fiber diameter. The distribution of the fiber diameter-dependent · F0 values was formulated as follows by using the volume (V)-incorporated three-parameter Weibull distribution function, 20) according to which the cumulative probability F(· F0, V) as a function of · F0 and volume of specimens V is expressed by
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where · F0,min , · F0,0 and m F0 are the minimum (lower limit) fracture strength, scale parameter and shape parameter, respectively, and V 0 is the standard volume that can be taken arbitrary. The volume V of the present fiber specimens is
L where L is a gage length (10 mm in the present work). We take the standard volume as
2 into eq. (5), we have the cumulative probability F(· F0, D) as a function of · F0 and D, in the form;
Equation (6) is re-written as
By regression analysis, the three parameters, · F0,min , m F0 and · F0,0 in eqs. (6) and (7) 
Distribution of fracture toughness (K Ic ) values
The average K Ic,ave and standard deviation ¦K Ic of the fracture toughness values were 1.80 and 0.34 MPa·m 1/2 , respectively. For another amorphous SiC fiber (TyrannoLoxM, Ube Industries), the average fracture toughness K Ic,ave has been measured to be 1.4 MPa·m 1/2 by the empirical method using the relation of mirror zone radius to the fracture toughness.
21) The K Ic,ave of polycrystalline SiC fibers has been estimated to be 2.7 MPa·m 1/2 (Tyranno-SA, Ube Industries) by the FIB-notch introduction method 12) and 3.3 MPa·m 1/2 (CVD-processed SCS-6 with 140 µm in diameter, Textron, Lowell, MA) by using the defect-mirror zone- fracture toughness relation. 22) The K Ic,ave value (1.8 MPa·m
) of the present amorphous SiC fiber was slightly higher than that of another amorphous SiC fiber and slightly lower than that of crystalline SiC fibers.
It has been reported that, in the case of indentation flaws, the toughness value is dependent on the flaw size. 23, 24) To examine whether the K Ic values of the present SiC fiber is affected by the notch size or not, the K Ic values were plotted against notch depth a. The result is shown in Fig. 4(a) . Also, to examine whether the K Ic values are dependent on fiber diameter D or not, the K Ic values were plotted against D, as shown in Fig. 4 (b). The K Ic values of the present amorphous SiC fiber are almost independent of the notch-depth and fiber diameter. Figure 5 shows (a) cumulative probability F(K Ic ) and (b) the histogram of the measured K Ic values. The distribution of the K Ic values was formulated by applying the threeparameter Weibull distribution. Denoting the minimum value (lower limit) as K Ic,min , scale parameter as K Ic,0 and shape parameter as m KIc , the three-parameter Weibull distribution function is expressed by
By the regression analysis, the parameter values of K Ic,min , m KIc and K Ic,0 in eq. (9) were estimated to be 0.91, 2.69 and 1.00 MPa·m 1/2 , respectively. The validity of application of eq. (9) on the experimental result can be examined by the linearity between the ln ln{1 ¹ F(K Ic )} ¹1 and ln(K Ic ¹ K Ic,min ). As shown in Fig. 5(c) , high linearity is found for the estimated value of K Ic,min = 0.91 MPa·m 1/2 , indicating that the distribution of measured K Ic values can be described by eq. (9). Actually, the cumulative probability F(K Ic ) and probability density f(K Ic ) of K Ic values calculated by eq. (9) with the estimated parameter values describe successfully the experimental result, as shown with the solid curves in Figs. 5(a) and 5(b).
Measured fracture strength (· F )notch depth (a)
diagram and analysis of the variation of the average fracture strength (· F,ave )notch depth (a) relation Figure 6 shows the plot of fracture strength · F values of all tested specimens against notch depth a (· F -a diagram). Here, · F refers to either (open circle) original fracture strength · F0 or (closed circle) notched strength · FN , depending on the species that cause fracture; when the fracture is caused by the intrinsic defect that originally exists in fiber, · F is given by · F0 , and when the fracture is caused by the FIB-introduced notch, · F is given by · FN . As has been shown in Figs. 2, 3 In advance, the relation of the average fracture strength, · F,ave , to notch depth a is described in this subsection.
Here, we take up a fiber specimen that has the fracture toughness K Ic , fiber diameter D and original strength · F0 (one fiber model), for which the fracture strength · F is described as a function of notch depth a as follows. Figure 7 (a) shows a schematic representation of the original strength · F0 (OOA) and change of the notched strength · FN with notch depth a (NNA) given by
· FN increases with decreasing a and becomes infinite (¨) at a = 0. In the range of small a (<a c where a c satisfies · F0 = · FN at C), · FN is higher than · F0 , which means that the introduced artificial notch is smaller than the intrinsic defect and the fiber is fractured not by the notch but by the intrinsic defect. 14, 25) Accordingly, the actual fracture strength · F is given by · F0 . On the other hand, in the range of large a (>a c ), · FN is lower than · F0 , which means that the notch is larger than intrinsic defect and the fiber is fractured by the notch, not by the intrinsic defect. Accordingly, · F is given by · FN . As a result, the actual fracture strength · F keeps the original fracture strength · F0 up to a c . At a = a c , the fracturedetermining species turns from the intrinsic defect to notch. Beyond a c , the fracture strength · F given by · FN decreases along CNA with increasing a. In this way, the · F varies along OCNA as a function of a.
The one fiber model above can be used to describe the relation of average fracture strength · F,ave to notch depth a as a first approximation by replacing · F0 by average value of · F0,ave and by replacing · FN -a relation by · FN,ave -a relation. The · FN,ave is calculated by (11)) and decreases with increasing a as shown by the solid curve), could describe the general tendency of the measured notch depth-dependence of the average fracture strength (Fig. 6 ). When many fiber specimens are tested, the K Ic , · F0 and D values, and hence the · FN -a curves differ among specimens. In order to describe such a situation, the one fiber model is extended to multi fiber model as follows. Figure 7(b) shows the variations of fracture strength · F with a in multi fiber model. In this figure, three fiber specimens 1, 2 and 3 are taken up for simplicity, while the number of fiber specimens can be taken arbitrary. The specimen i (= 1, 2 and 3) has the original strength · F0,i (OiOiA) and its notched strength · FN,i varies with a along NiNiA. At C i corresponding to a = a c,i , the condition of · F0,i = · FN,i is satisfied. Accordingly, the actual fracture strength · F,i of the specimen i varies along OiCiNiA.
As stated above, the actual strength · F is given by the lower value between · F0 and · FN . In the notch depth range of a < a c,2 , a c,1 and a c,3 , · F0 is lower than · FN in all specimens, and accordingly the actual strength · F,i is given by · F0,i in all specimens. In the range of a c,2 < a < a c,1 (<a c,3 ), · F,2 is given by · FN,2 due to · FN,2 < · F0,2 , and · F,1 and · F,3 are given by · F0,1 and · F0,3 , due to · F0,1 < · FN,1 and · F0,3 < · FN,3 , respectively. In a similar manner, in the range of (a c,2 <) a c,1 < a < a c,3 , · F,1 and · F,2 are given by · FN,1 and · FN,2 , respectively, while · F,3 is given by · F0, 3 , and in the range of (a c,2 < a c,1 <) a c,3 < a, · F is given by · FN in all specimens.
In this way, when many fiber specimens are tested, there exist three regions I, II and III. In region I where notch depth is small, all specimens are fractured by the intrinsic defect (· F = · F0 for all specimens). In region III where notch depth is large, all specimens are fractured by the notch (· F = · FN for all specimens). In region II where notch depth is intermediate between regions I and III, the specimens fractured by the intrinsic defect (· F = · F0 ) and those fractured by the notch (· F = · FN ) co-exist. In this region, number of notchfractured specimens increases and that of intrinsic defectfractured specimens decreases with increasing notch depth. 3.5.2 Procedure of the Monte Carlo simulation based on the multi fiber model to obtain the distribution of fracture strength (· F ) and its dependence on notch depth (a) An interesting difference between the one and multi fiber models is the existence of the region II in the latter model where the specimens fractured by the intrinsic defects and introduced notch co-exist and the fraction of the latter specimens increases with increasing notch depth. Until now, no method to describe the statistical feature of region II has been developed. In the present work, to obtain the fracture strength (· F )notch depth (a) diagram and to reveal the statistical features especially in region II, simulation was carried out based on the multi fiber model in combination with the Monte Carlo method, which has been known as a useful tool for simulation of property and performance of fiber-composites. 26, 27) The procedure is shown below. The simulation was carried out for 200 fiber specimens at a = 0 2 µm. The specimen number is noted with "i" (i = 1 to 200).
(i) A random value R(i) (01) was generated in the computer. Substituting F(D(i)) = R(i), and the estimated values of D ave = 11.7 µm and ¦D = 0.8 µm into eq. (3), the D(i) value of the i-specimen was obtained.
(ii) Another random value RA(i) was generated in the computer. Setting F(· F,0 (i), D(i)) = RA(i), and substituting D(i) value obtained in (i) above and the estimated parameter values of · F0,min = 1.53 GPa, m F0 = 3.36 and · F0,0 = 2.08 GPa into eq. (6), the · F0 (i) value of the i-specimen was obtained.
(iii) Another new random value RAA(i) was generated in the computer. Substituting F(K Ic (i)) = RAA(i), and the estimated values of K Ic,min = 0.91 MPa·m 1/2 , m KIc = 2.69 and K Ic,0 = 1.00 MPa·m 1/2 into eq. (9), the K Ic (i) value of the i-specimen was obtained.
The notch depth a(j) was given in steps of 0.02 µm in the range of a = 0 to 0.30 µm, in steps of 0.05 µm in the range of a = 0.30 to 1.00 µm and in steps of 0.10 µm in the range of a = 1.00 to 2.00 µm. In addition, simulation was carried out at a = a c,ave = 0.09 µm at which · FN,ave = · F0,ave is satisfied in one fiber model. Totally for 41 different a-values, simulation was carried out (j = 1 to 41) for each specimen (I = 1 to 200) in the following procedure.
(iv) Substituting D(i) and a( j) into eq. (2) (v) The lower value between · F0 (i) and · FN (i, j) was taken to be the fracture strength · F (i, j) of the i-specimen at the given notch depth a( j).
(vi) The notch depth a( j) was raised to a next proscribed value a( j + 1), and the procedures (iv) and (v) were repeated. By such a repeated simulation, the fracture strength values · F (i, j) of the i-specimen at a( j) ( j = 1 to 41) which covers a(1) = 0 µm to a(41) = 2 µm were obtained. (Fig. 3(a) ) can be reproduced by the present simulation or not, was examined. The · F0 (i) value obtained by simulation was plotted against D(i) value for i = 1 to 200 in Fig. 3(a) where © shows the simulation result. The experimental result is successfully reproduced by simulation. Figure 8(a) shows examples of the cumulative probability F(· F ) of fracture strength · F simulated for 200 specimens at the indicated notch depths. Evidently the distribution shifts to lower strength region with increasing notch depth a. (11) is the same as that in Figs. 6 and 8(b) . In Fig. 8(c) , the simulated · F,ave -a curve in the notch depth range of around a > 0.2 µm in region III, where almost all specimens are fractured by the introduced notch (shown later in Fig. 9 ), is just on the curve calculated by eq. (11) .
The a c,ave , satisfying · F0,ave = · FN,ave , was 0.09 µm (Fig. 6) . Within the experiment in the present work, the notch depth was larger than 0.18 µm (Figs. 4(a), 6 and 8(b) ). Accordingly the variation of · F,ave up to 0.18 µm was unknown. In simulation, the distribution of the fracture strength in small notch depth region could be obtained. It is emphasized that, in the simulation result for many specimens, the average strength · F,ave starts to decrease at smaller notch depth than 0.09 µm (Fig. 8(c) ) due to the distributed a c values among specimens; a c (· F0 = · FN ) decreases with increasing original strength and with decreasing fracture toughness, and therefore, fiber specimens with low fracture toughness/ high original strength tend to be fractured by the introduced notch at smaller notch depths than a c,ave in the early stage in region II. Details of the statistical features of fracture strength distribution in the range of a = 00.3 µm including regions I, II and III is presented below. Figure 9 (a) shows changes in the fraction F I of intrinsic defect-fractured specimens and the fraction F N of notchfractured specimens in 200 simulated fiber specimens with increasing notch depth a. Up to a = 0.02 µm, all fiber specimens are fractured by the intrinsic defect (F I = 100%). Beyond a = 0.02 µm, F I decreases and becomes less than 5% at a = 0.2 µm. Thus, the range of notch depth a in region II is read to be around 0.020.2 µm. Figure 9(b) shows the change in coefficient of variation COV(· F ) of fracture strength · F with increasing notch depth a. The following features of regions I, II and III are read from the result of Fig. 9(b) .
Statistical features of fracture strength in region II
(A) In region I (0 < a < 0.02 µm), as all specimens are fractured by the intrinsic defect, the COV(· F ) is equal to COV(· F0 ) (= 0.173).
(B) In region II (a = 0.020.2 µm), the COV(· F ) decreases in the initial stage (a = 0.020.05 µm) and then increases in the late stage (a = 0.050.2 µm). The decrease in COV(· F ) in the initial stage is accounted for as follows. As a c at · F0 = · FN is small for high · F0 /low K Ic specimen, the specimen with high · F0 /low K Ic tends to be fractured by notch at small a, while most specimens are fractured by intrinsic defect. In this situation, as a is small, · FN given by eq. (10) is not low, being higher than · F0,min in eq. (6) . Accordingly, the distribution of · The simulated change of · F,ave with increasing a in the range of a = 0 to 0.3 µm is picked up in Fig. 9(c) from Fig. 8(c) . The following features are read from Fig. 9(c) . As has been shown in Fig. 9(a) , the fraction F N of notchfractured specimens increases with increasing notch depth a beyond a = 0.02 µm under distributed D, · F0 and K Ic values. Accordingly, the average fracture strength · F,ave starts to decrease at a = 0.02 µm at which region II initiates, while, when we use the average values of D ave , · F0,ave and K Ic,ave in one fiber model, the reduction in · F,ave occurs at a c,ave = 0.09 µm. The big difference suggests the importance of statistical approach for estimation of critical notch size at which reduction in fracture strength starts.
The · F,ave is equal to · F0,ave up to a = 0.02 µm where all fiber specimens are fractured by the intrinsic defect. In the range of a larger than 0.2 µm where almost all (more than 95%) specimens are fractured by the notch (Fig. 9(a) (Fig. 9(c) ).
As shown above, statistical features for fiber specimens with a length L = 10 mm were revealed. With the present simulation approach, the fracture strength of longer fiber specimens can also be simulated as follows. The notched strength · FN is given by eq. (10), which is independent of specimen length. On the other hand, the unnotched strength · F0 is dependent on length. The distribution function given by eq. (6) is valid only for 10 mm-specimens. It can be extended for longer specimens by applying the weakest link theory (fracture strength of long specimen composed of series short sections is determined by the strength of the weakest section). Denoting the length of the present specimen L 0 (= 10 mm), applying the weakest link theory and using eq. (6), the cumulative probability of fracture strength of the specimens with arbitrary length L,
Once · F0 for a given value of L is obtained by using eq. (12) in the procedure stated in the Subsection 3.6.2, fracture strength · F is given by the lower value between · F0 and · FN (eq. (10)). Thus repeating such a procedure with a Monte Carlo method, distribution of fracture strength for fiber specimens with arbitrary length L can be obtained.
The simulation results for L = 10, 30 and 100 mm are shown in Fig. 10 . The following features are read. (i) The increase in length L widens the F N -and F I -a curves to larger notch depth region. As a result, the range of a in region I (0 < a < 0.02 µm), II (a = 0.020.2 µm) and III (0.2 µm < a) for L = 10 mm were widened to region I (0 < a < 0.04 µm), II (a = 0.040.35 µm) and region III (0.35 µm < a) for L = 100 mm. In this way, the regions I and II become wider with increasing length L. (ii) As a result, the range of a of COV(· F )-a and · F,ave -a curves up to region III are widened with increasing L. (iii) The · F,ave -a calculated by eq. (11) with the average parameter values is shown with a dotted curve in Fig. 10(c) . With increasing L, the · F0,ave decreases ( Fig. 10(c) ), since the size of the maximum intrinsic defect in the fiber specimens increases with increasing L. The strength level of · F0,ave for L = 10, 30 and 100 mm are noted with broken lines in Fig. 10(c) . Thus if we ignore the statistical effect, namely if we assume all specimens have a same diameter, unnotched strength and fracture toughness equal to average, the fracture strengths for L = 10, 30 and 100 mm vary with a along C-D-B, E-F-B and G-H-B, respectively. In this assumed case, the existence of region II, which arise in practice due to distributed diameter, unnotched strength and fracture toughness, is not accounted. In practice where property values are distributed among specimens, when L is larger, the · F,ave -a curve starts at lower value of · F0,ave in region I and decreases rather gradually in region II. In region III, where notch extends in all specimens, the simulated · F,ave -a relation is just the same as that calculated by eq. (11) . The difference in · F,ave between the simulation under distributed parameter values and calculation (eq. (11)) under fixed average parameter values is found in region II for any L. The biggest difference in · F0,ave is found at D, F and H in Fig. 10(c) where around half specimens are fractured by intrinsic defect and around half by the notch (Fig. 10(a) ). ), estimated for the fiber specimens in which mode I type straight-fronted edge notch was introduced with a focused-ion (Ga + )-beam, were almost independent of the fiber diameter and notch depth. The distribution of the fracture toughness was described by the three-parameter Weibull distribution function.
Conclusions
(2) The distributions of fiber diameter and original fracture strength were described by a normal distribution function and fiber diameter-incorporated three-parameter Weibull distribution function, respectively.
(3) With a Monte Carlo simulation using the estimated distribution functions of measured diameter, original fracture strength and fracture toughness of fiber specimens, the experimental result of fracture strengthnotch depth diagram was well reproduced.
(4) The decrease in fraction of intrinsic-defect fractured fiber specimens to all specimens and hence the increase in fraction of notch-fractured specimens with increasing notch depth were estimated by simulation, and their influences on change in average and coefficient of variation of fracture strength with increasing notch depth were elucidated. 
